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Abstract
We study the effect of magnetic field on the dominant neutrino emis-
sion processes in neutron stars.The processes are first calculated for the
case when the magnetic field does not exceed the critical value to confine
electrons to the lowest Landau state.We then consider the more impor-
tant case of intense magnetic field to evaluate the direct URCA and the
neutronisation processes. In order to estimate the effect we derive the
composition of cold nuclear matter at high densities and in beta equilib-
rium, a situation appropriate for neutron stars. The hadronic interactions
are incorporated through the exchange of scalar and vector mesons in the
frame work of relativistic mean field theory. In addition the effects of
anomalous magnetic moments of nucleons are also considered.
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1 Introduction
Recently there has been a lot of interest in the study of the effects of strong
magnetic fields on various astrophysical phenomena.Many of these require large
magnetic fields and indeed fields with a strength of 1018 Gauss or even more,have
been conceived to exist at the time of the supernova collapse inside neutron stars
and in other astrophysical compact objects [1].The matter density in neutron
stars exceeds the nuclear density and the presence of high magnetic fields mod-
ifies the energy of charged particles confining them to low landau levels.This
results in shifting of beta equilibrium and the composition of matter gets signif-
icantly modified [2],[3].The intense magnetic fields also result in reduced photon
opacities and enhanced cooling of neutron stars [4] .Effect of magnetic field on
weak interaction rates is of great importance in neutrino emission in neutron
stars and during first few seconds immediately after collapse of massive neutron
stars [5],and also in light elements abundances in the early universe [6]. Specifi-
cally it has been shown [7] that intense magnetic field induces an asymmetry in
neutrino emission which may be capable of imparting a large recoil momentum
to the newly born neutron star. The large magnetic field would also affect the
location of electron neutrino sphere through modification of neutrino scatter-
ing cross-section thus affecting the Kasenko-Segre[8] mechanism to account for
pulsar picks. The dominant mode of energy loss in neutron stars is through
neutrino emission. The important process leading to neutrino cooling are the
so called URCA
n −→ p+ e− + ν¯e (1)
p+ e−+ −→ n+ ν¯e (2)
modified URCA
N +N → N +N + ν + ν¯ (3)
2
n+ n→ n+ p+ e− + ν¯e (4)
n+ p+ e− → n+ n+ νe (5)
and the pion mediated
n+ pi− −→ n+ e− + ν¯e (6)
process accompanied by along with their inverse reactions.
At low temperatures for degenerate nuclear matter, the direct URCA process
can take place only near the fermi energies of participating particles and simul-
taneous conservation of energy and momentum require the inequality pF (e) +
pF (p) ≥ pF (n) to be satisfied in the absence of the magnetic field.This leads
to the well known threshold [9] for the proton fraction Yp =
np
nB
≥ 11% thus
leading to strong suppression in nuclear matter.This condition is satisfied for
nb ≥ 1.5n0( where n0 = 0.16fm−3,is the nuclear saturation density),in a rela-
tivistic mean field model of interacting n-p-e gas for B = 0. In this paper we
calculate the energy loss due to the above process firstly for the case when the
magnetic field does not exceed the critical value to confine degenerate electrons
to the lowest Landau level. The interesting case arises when the magnetic field
is intense enough to force electrons into the ground state such that electrons oc-
cupy the lowest Landau level with their spins aligned opposite to the magnetic
field direction.the charge neutrality now pushes the protons too into the ground
state.In this situation we require to use the exact wave functions obtained by
solving Dirac equation in the magnetic field. We calculate the energy loss rate
due to the direct URCA process which now proceeds regardless of the proton
fraction. We also calculate the neutronization rate
e− + p→ n+ νe (7)
for a situation appropriate during collapse.
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In order to make numerical estimates of the cooling rates in magnetised neutron
stars,we require the composition of nuclear matter.For this we consider electri-
cally neutral nuclear matter composed of relativistic nucleons and electrons in
beta equilibrium.We take the hadronic interactions through (ρ − ω − σ) me-
son exchange in the framework of relativistic nuclear mean field theory as in
[3].In addition we also incorporate the anomalous magnetic moments of nucle-
ons.Indeed for magnetic fields strong enough to shift the masses due to magnetic
moment nearly equal to the magnitude of nucleon masses themselves, we may
not be able to define the magnetic moments and we need a field theoretical
calculation of self energy of particles in the external magnetic field.Such a cal-
culation for electrons had been performed by Schwinger[10] but unfortunately is
not available for nucleons for we only have phenomenological anomalous mag-
netic moments for these particles.When considering very intense magnetic fields
we should be careful about the effect of magnetic field on strong interactions
because in this situation,the nucleons and mesons interact both with with the
magnetic fields through their charges and magnetic moments.However for mag-
netic fields not much greater than 1018 Gauss we do not have to worry about
this problem.
In Section II,we obtain the composition of interacting nuclear matter in the
presence of magnetic field by taking into consideration the anomalous magnetic
moments of the nucleons.In section III we calculate the energy loss due to URCA
and modified URCA process for moderate magnetic fields.The direct URCA
process is then studied in the presence of quantising magnetic field where the
energy -momentum conservation inequality on fermion momenta of participating
particles breaks down and the neutrino emission proceeds at all densities.In
Section IV,we present the results and discussions.
2 Nuclear matter composition in magnetic field
We consider here the effect of strong uniform magnetic field on the composition
of nuclear matter consisting of neutrons,protons and electrons in beta equilib-
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rium and the neutrinos/antineutrinos are assumed to freely stream out of the
system.Hadronic interactions are taken into account by considering the nucle-
ons to interact by exchanging scalar σ and vector(ω, ρ) mesons in the framework
of relativistic nuclear mean field theory.This is taken into account in the high
density limit by replacing the meson fields by their classical averages in the
equations of motion based on a Lagrangian depicting the physical process.In
addition we also consider the case when nucleons have anomalous magnetic
moments.As discussed in the Introduction since we do not have a proper field
theoretical framework for nucleons,we treat them as point particles with given
phenomenological anomalous magnetic moments and restrict ourselves to fields
which do not substantially change the energy of these particles. In a uniform
magnetic field B along z axis corresponding to the choice of the gauge field
Aµ = (0, 0, xB, 0),the relativistic mean field Lagrangian can be written as
L =
∑
ψ¯i[iγµD
µ −mi + gσσ − gωγµωµ − 1
2
gργµ−→τ · −→pµ + κiσµνFµν ]ψi
+
1
2
[(∂µσ)2 − (m2σσ2)]−
∑
ω,p
[
1
4
(∂µV
i
ν − ∂νV iµ)2 −
1
2
m2vi(V
i
µ)
2] (8)
in the usual notation withDµ = ∂µ+ieAµ andKi as the anomalous magnetic
moments given by
κp =
e
2mp
[
gp
2
− 1] (9)
κn =
e
2mn
gn
2
(10)
where gp = 5.58 and gn = −3.82 are the Lande’s g-factor for protons and
neutrons respectively. Writing the general solution as
ψ(r) = e−i(Et−pyy−pzz)fs(x) (11)
where fs(x) is the four component Dirac solution.Replacing the meson fields
in the relativistic mean field approximation by their density dependent average
values < σ0 >,< ω0 > and < ρ
3
0 > respectively, the equation of motion satisfied
by the nucleons in the magnetic field become
5
[−iαx ∂
∂x
+ αy(py − eBx) + αzpz + β(mi + gσ < σ0 >)− iκiαxαyB]fi,s
= (Ei − U i0)fi,s(x) (12)
where
Up,n0 = gω < ω0 > ∓
gρ
2
< ρ30 > (13)
The equations are first solved for the case when momentum along the mag-
netic field direction is zero and then boosting along that direction till the mo-
mentum is pz.For the protons and neutrons we thus get
Epν,s =
√
m∗2p + p2z + eB(2ν + 1− s) + κ2pB2 − 2κpBs
√
m∗2p + eB(2ν + 1− s)
= Epν,s − Up0 (14)
and
Ens =
√
m∗2n +
−→
p2 + κ2nB
2 − 2κnBs
√
p2x + p
2
y +m
∗2
n
= Ens − Un0 (15)
respectively. In the above ν denotes the Landau level and takes values 0,1,2....
and s = ±1 indicates whether the spin is along or opposite to the direction of
the magnetic field and m∗i = mi+ gσ < σz > is the effective mass. The positive
energy spinors for protons are then given by
fp,1(x) = Cν,1e
− ξ22


Hν(ξ)
0
pz
Ep
ν,1+m
∗
p
Hν(ξ)
i
√
eb
Ep
ν,1+m
∗
p
Hν+1(ξ)


(16)
and
fp,−1(x) = Cν,−1e−
ξ2
2


0
Hν(ξ)
−2νi
√
eB
Ep
ν,−1
+m∗p
Hν−1(ξ)
−pz
Ep
ν,−1
+m∗p
Hν(ξ)


(17)
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where
ξ =
√
eB(x+
py
eB
) (18)
Cν, s =
√ √
eB
2νν!
√
pi
1√
Epν,s +m∗p
(19)
and Hν,s are the Hermite polynomials.
The neutron spinors correspond to the usual plane wave solutions of the
Dirac equation with the energy given by equation (15) for spins parallel and
antiparallel to the magnetic field direction.For electrons the problem was solved
in QED by Schwinger to one loop in magnetic field and the energy for pz = 0 is
given[11].
Eeν,s =
√
m2e + (2ν + 1 + s)eB +
α
2pi
eB
2me
S (20)
This expression however breaks down for large magnetic fields for which the
energy is given by
Eeν,s =
√
m2e + (2ν + 1 + s)eB −
αme
4pi
(log
2eB
mνe
)2S (21)
we thus see that for fields strengths of subsequent interest,term proportional to
alpha is negligible and the electron energy is simply taken to be
Eeν,s =
√
m2e + (2ν + 1 + s)eB (22)
The mean field values < σ0 >,< ω0 > and < p
3
0 > are determined by
minimizing the energy at fixed baryon density nB = np + nn or by maximizing
the pressure at fixed baryon chemical potentialµB. We thus get
< σ0 >=
gσ
m2σ
(nsp + n
s
n) (23)
< ω0 >=
gω
m2ω
(nn + np) (24)
< p30 >=
1
2
gρ
m2ρ
(np − nn) (25)
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where ni and n
s
i the number and scalar number densities respectively are given
by
< ni >=< ψ
†
iψi >=
1
(2pi)3
∫
1
e(Ei−µi)β + 1
d3p (26)
and
< nsi >=< ψ¯iψi >=
1
(2pi)3
∫
m∗i
Ei
1
e(Ei−µi)β + 1
d3p (27)
for each spin state. In the present case since the energy is different for different
spin states, we need to calculate the densities for spin parallel and antiparallel
states separately. Using the energy expressions from (14) and (13) carrying out
integrals at T = 0 we get
nn,s =
1
2pi2
[
1
3
(µ∗2n − (m∗n − sκnB)2)
3
2 − s
2
µ∗2n κnB(s
−1
m
m∗n − sκn
B
µ∗)
− pi
2
+
m∗n − sκn
µ∗2n
√
(µ∗2n − (m∗n − sκnB)2)] (28)
and
np,s =
eB
2pi2
νmax∑
ν=0
√
µ∗2p −m∗2p − 2eBν − κ2pB2 + 2sκpB
√
m∗2p + 2eBν (29)
where
µ∗n = µn − Un0 (30)
µ∗p = µp − Up0 (31)
and
νmax = Int(
(µ∗p + sκpB)
2 −m∗2p
2eB
) (32)
In the limit of vanishing anomalous magnetic moments,we recover the usual
relations[3]. In the region of validity of defining anomalous magnetics moments
for protons and neutrons and for fields of interest ,we can make an expansion
in powers of κiBm∗
i
and can evaluate the densities for highly degenerate nuclear
matter at finite temperatures in powers of µ
∗
T .We get
np,s =
eB
2pi2
∑
ν=0fornp,+,ν=1fornp,−
pF (p, s)[1− pi
2T 2
6
m¯p
2
p4F (p, s)
+ ....] (33)
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nn,s =
1
6pi2
[p3F (n, s) +
pi2T 2
2
(p2F (n, s) + ¯µn,s
2)
PF (n, s)
+ ......] (34)
ne =
eB
2pi2
νmax∑
ν=0
(2 − δν,0)pF (e)(1 − pi
2T 2
6
m¯e
2
p4F (e)
) (35)
The corresponding expressions for the scalar densities are given by
nsp,ν =
eB
2pi2
m∗p
∑
ν
[ln(
¯µp,s + pF (p, s)
m¯p
)− pi
2T 2
6
¯µp,s
p3F (p, s)
+ ....] (36)
and
nsn,s =
m∗n
4pi2
[ ¯µn,spF (n, s)−m∗2n ln(
¯µn,s + pF (n, s)
m∗n
) +
pi2T 2
3
¯µn,s
PF (n, s)
+ ....] (37)
where
m¯2p = m
∗2
p + 2νeB (38)
m¯2e = m
2
e + 2νeB (39)
¯µp,s = µ
∗
p + sκpB (40)
¯µn,s = µ
∗
n + sκnB (41)
pF (p, s) =
√
¯µp,s2 − m¯p2
pF (n, s) =
√
¯µn,s2 −m∗2n
pF (e) =
√
µ2e − m¯e2 (42)
The thermodynamic potential of the system can now be written as
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Ω =
−g2σn2B
2m2σ
− g
2
ρ
8m2ρ
(np − nn)2 + g
2
σ
2m2σ
(nsp + n
s
n)
2 − 1
8pi2
∑
s
[
1
3
¯µn,sp
3
F (n, s)
− 1
2
m∗2n ¯µn,spF (n, s) +
1
2
m∗4n ln(
¯µn,s + pF (n, s)
m∗n
) +
2
3
pi2T 2 ¯µn,spF (n, s) + ....]
− eB
8pi2
∑
s
∑
ν
[ ¯µp,spF (p, s)− m¯p2 ln( ¯µp,s + pF (p, s)
m¯p
) +
pi2T 2
3
¯µp,s
3
pF (p, s)
+ ....]
− eB
8pi2
∑
ν
(2− δν,0)[µepF (e)− m¯e2 ln(µe + pF (e)
m¯e
) +
pi2T 2
3
µe
pF (e)
+ ....]
(43)
and the other thermodynamic quantities can be determined by the usual
thermodynamic relations.In the above
nB = nn + np (44)
ni = ni,+ + ni,− (45)
In the neutron stars the n-p-e matter is charge neutral and is in β equilibrium
giving
µn = µp + µe (46)
np = ne (47)
Using these two equations,m∗ is calculated self consistently for a given baryon
density nB and the magnetic field B. The thermodynamic quantities can then
be calculated. As a consequence of charge neutrality the magnetic field is strong
enough to quantise the electron motion,the motion of the proton also gets quan-
tized and the proton fraction increases. The value of the quantising magnetic
field increases with baryon density and for magnetic field BBce
≥ 12 ( µeme )2 where
Bce = m
2
e = 4X10
13Gauss,and for µe corresponding to given nB,the electrons
and protons would be in the lowest Landau level leading to interesting conse-
quences.
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3 Weak rates and neutrino emmisivity
As discussed in the introduction direct URCA process [1] the absence of mag-
netic field can proceed only above the threshold of 11% for the proton frac-
tion.Since the effect of the magnetic field is to increase the proton fraction at
the same time leading to a fall in the proton’s fermi momentum,the neutron to
proton conversion is enhanced in the presence of magnetic field and we would
see that in the presence of quantising magnetic field,there is no restriction on
the proton fraction for the process to proceed.We will first consider the effect
of magnetic field on the direct URCA,modified URCA and pion mediated pro-
cesses for the case when the field does not exceed the ]critical value and will
go over to the more interesting case where electrons are confined in the lowest
Landau level.In the later situation,direct URCA and the neutronisation process
are the important ones.
3.1 Weak magnetic field
We first consider the effect on the direct URCA process n → p + e− + ν¯e and
p+ e→ n+ νe, when the magnetic field is not strong enough to force the elec-
trons in the lowest Landau level.Previous calculations[2],[4],[5] show that the
matrix element for the process remains essentially unaffected and the modifica-
tion comes mainly from the phase space factor.In this situation nuclear energies
are essentially independent of spin states and we can sum over nuclear spins.
Treating the nucleons non-relativistically and electrons ultra-relativistically,the
matrix element squared and summed over spins is given by
∑
|M |2 = 8G2F cos2 θc(4m∗nm∗p)EeEν [(1 + 3g2A) + (1 − g2A) cos θc] (48)
where gA = 1.261 is the axial-vector coupling constant.
The emissivity expression is given by
E˙ν = [
∏
i
∫
1
(2pi)32Ei
d3pi]Eν
∑
|M |2(2pi)4δ4(Pf − Pi)S (49)
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where the phase space integrals are to be calculated over all particle states
The statistical distribution function S = fn(1 − fp)(1 − fe),where f ′is are the
Fermi-Dirac distributions. We can now evaluate the emissivity in the limit of
extreme degeneracy,a situation appropriate in neutron star cores by replacing
the electron phase space factor∫
1
(2pi)3
−→ eB
(2pi)2
νmax∑
ν=0
(2− δν,0)
∫
dpz (50)
and using the standard techniques to perform the phase space integrals [11] and
get
E˙ = 457pi
40320
G2F cos
2 θc(1 + 3g
2
A)m
∗
nm
∗
peBT
6
νmax∑
ν=0
(2− δν,0) 1√
µ2e −m2e − 2νeB
(51)
where
νmax = Int(
µ2e −m2e
2eB
)
In the limit of vanishing magnetic field,the sum can be replaced by an integer
and we recover usual expression[9]
E˙ν(B = 0) = 457pi
20160
G2F cos
2 θc(1 + 3g
2
A)m
∗
nm
∗
pµeT
6 (52)
Modified URCA process (2) considered to be the dominant processes for
neutron star cooling,had been calculated by Frinan and Maxwell [12] by treating
the long range NN interactions through one pion exchange potential and the
short range interactions in the frame work of Landau Fermi liquid.The matrix
element squared over spins for the process
n+ n −→ n+ p+ e+ ν¯e (53)
has been calculated to be
∑
|M |2 = 256G2F cos2 θc(16m∗3n m∗p)g2A(
f
mpi
)4αURCA
EeEν
(Ee + Eν)2
(54)
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where f is the pi − N coupling constant (f2 ≃ 1) and αURCA has been
estimated to be = 1.54. Using the above matrix element square,in the energy
loss expression with appropriate electron phase space,E˙URCA is calculated to be
E˙URCA = 11513
60480
G2F cos
2 θc
2pi
g2Am
∗3
n m
∗
p(
f
mpi
)4αURCAT
8
νmax∑
ν=0
(2− δν,0)( 1√
µ2e −m2e − 2νeB
)
(55)
which is the B → 0 limit goes over to the standard result [12]
E˙URCA(B = 0) = 11513
30240
G2F cos
2 θc
2pi
g2Am
∗3
n mp(
f
mpi
)4αURCAµeT
8 (56)
The presence of meson condensates in the core of the neutron stars has been
considered in the literature [13] if present,they could supply the required mo-
mentum as is done by the spectator nucleons in the case of modified URCA
process,to beat the suppression due to energy momentum conservation for de-
generate particles and would result in enhanced cooling through the process
n + pi− −→ n + e− + ν¯e .Maxwell et al [14] constructed the charged pion con-
densed phase through a chiral notation by the unitary operator
U(pic, µpi− , kc, θ) = e
i
∫
(kcr−µpi− t)V 03 d3reiQ
5θ (57)
This generates the charged pion condensed phase with a macroscopic field
of chemical potential µpi− ,momentum kc and chiral angle θ.The participating
particles in neutrino emission are the quasi-particles which are the superposition
of proton and neutron states.The matrix element squared and summed over
spins for the quasi-particles β-decay [3] was obtained in reference [14]and is
given by
∑
|M |2 = 8G2F cos2 θc(4m∗nm∗p)[(1 + 3g˜a2) + (1− g˜A2) cos θeν ]
13
EeEν
θ2
4
[1 + (
gakc
µpi−
)2] (58)
The energy loss rate in the presence of magnetic field can now be easily
calculated by assuming that chiral condensates are not really affected in the
presence of external fields of moderate strength [15] and is given by
E˙pi = 457
40320
m∗2n
kc
µe
eB
2
T 6G2F cos
2 θc(1 + 3g˜A
2)
θ2
4
[1 + (
g˜akc
µpi
)2]
∑
ν
(2− δν,0) 1√
µ2e −m2e − 2νeB
(59)
where µpi− = µe in equilibrium.In B → 0 limit ,we get the standard result [14].
During collapse,nucleons are non-degenerate and non-relativistic except at
the highest densities when neutrinos are trapped and the collapse gets under-
way,neutronization is the most important process for generating neutrinos.In
this situation the rate for the process e− + p −→ n+ νe is given by
Γ =
G2f cos
2 θc
4pi3
(1+3g2A)npeB
∑
ν
(2−δν,0)
∫ ∞
Q
Ee(Ee −Q)2√
E2e −m2e − 2νeB
fe(1−fν) dEe
(60)
where Q = mn −mp and the blocking factor for neutrons has been ignored.
In the initial stage electrons are extremely degenerate and relativistic Ee >>
me,µe >> kT and neutrinos freely escape fν << 1.
Γ =
G2F cos
2 θc
4pi3
(1 + 3g2A)npm
5
e
B
Bc
[
∑
ν
(2 − δν,0)
∫ ∞√
1+ 2νB
Bc
ε(ε− q)2√
ε2 − 1− 2ν BBc
fe dε
−
νmax∑
ν=0
(2− δν,0)
∫ q√
1+ 2νB
Bc
ε(ε− q)2√
ε2 − 1− 2ν BBc
fe dε]
≃ G
2
F cos
2 θc
4pi3
(1 + 3g2A)npm
5
e
B
Bc
∑
ν
(2− δν,0)
∫ µe
me
0
ε3√
ε2 − 1− 2ν BBc
dε (61)
where ε = Eme ,q =
Q
me
and νmax = Int(
q2−1
2 B
Bc
) which reduces to
Γ(B = 0) =
G2F cos
2 θc
2pi3
(1 + 3g2A)np
µ5e
5
(62)
in the limit of B → 0. Later on when neutrinos are trapped µe >> kT ,µν >>
kT ,but as long as µe >> µν ,fν = 0 and we get
Γ =
G2F cos
2 θc
4pi3
(1 + 3g2A)npm
5
e
B
Bc
[
∑
ν
(2 − δν,0)
∫ ∞√
1+ 2νB
Bc
ε(ε− q)2√
ε2 − 1− 2ν BBc
fe dε
−
νmax∑
ν=0
(2− δν,0)
∫ q+ µν
me√
1+ 2νB
Bc
ε(ε− q)2√
ε2 − 1− 2ν BBc
fe dε]
≃ G
2
F cos
2 θc
4pi3
(1 + 3g2A)npm
5
e
B
Bc
∑
ν
(2− δν,0)
∫ µe
me
q+ µν
me
ε3√
ε2 − 1− 2ν BBc
dε (63)
which reduces to
Γ(B = 0) =
G2F cos
2 θc
2pi3
(1 + 3g2A)np
µ5e − µ5ν
5
(64)
in the B → 0 limit.
4 Quantising magnetic field
In the case of super strong magnetic fields such that 2eB > pF (e)
2 all elec-
trons occupy the Landau ground state at T=0 which corresponds to ν = 0
state with electron spins pointing in the direction opposite to the magnetic
field.As has been discussed above,charge neutrality now forces the degenerate
non-relativistic protons also to occupy the lowest Landau level with proton spins
pointing in the direction of the fiel.In this situation we can no longer consider the
matrix elements to be unchanged and they should be evaluated using the exact
solutions of Dirac equation.Further because nucleons have anomalous magnetic
moment,matrix elements need to be evaluated for specific spin states separately.
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The electron wave function in ν = 0 state has energy Ee =
√
m2e + p
2
ez with a
wave function
ψe(r) = (
eB
pi
)1/4
1√
LyLz
e−i(Eet−peyy−pezz)e
−ξ2
2 Ue,−1(Ee) (65)
and the positive energy spinor in ν = 0 state is given by
Ue,−1 =
1√
Ee +me


0
Ee +me
0
−pez


(66)
Protons are treated non-relativistically,from equation(14) we define
m˜p = m
∗
p − κpB (67)
and the energy in ν = 0 state is
Ep ≃ m˜p + P
2
z
2m˜p
+ Up0 (68)
The proton wave function is given by
Ψp(r) = (
eB
pi
)1/4
1√
LyLz
e−i(Ept−Pyy−Pzz)e−
ξ2
2 Up,+1(Ep) (69)
where
ξ =
√
eB(x− Py
eB
) (70)
and Up,+1 is the non-relativistic spin up operator
Up,+1 =
1√
2m˜p

 χ+
0

 (71)
For neutrons we have
Ψn,s(r) =
1√
LxLyLz
e−ipn,s·rUn,s(En,s) (72)
Un,s =
1√
2m∗n

 χs
0

 (73)
16
and
En,s ≃ m∗n +−→pn2 − κnBs+ Un0 (74)
in the non-relativistic limit.The neutrino wave function is given by
Ψν(r) =
1√
LxLyLz
e−ipν·rUν,s(Eν) (75)
here Uν,s is the usual free particle spinor,χs is the spin spinor and the wave
function have been normalised in a volume V = LxLyLz and we have used
the normalization
∑
U¯αUβ = 2mδα,β We will now calculate the matrix element
for the direct URCA process (1) for different polarisation states of neutron.The
neutrino polarisation will be summed over
Ms =
GF cos θc√
2
∫
Ψ¯N,s(r)γµ(1−gAγ5)Ψp,+1Ψ¯ν(r)γµ(1−γ5)Ψe,−1(r)d4r (76)
Substituting for the wave functions and carrying out the integrals,we obtain
Ms = Ks ¯Un,sγµ(1− gAγ5)Up,+1U¯νγµ(1− γ5)Ue,−1 (77)
where
Ks =
2pi3GF cos θc√
2(LyLz)2Lx
δ(En−Ep−Ee−Eν)δ(pnz−pz−pez−pνz)δ(pny−py−pey−pνy)e−Q
2
(78)
and
Q2 =
p2y + p
2
ey
2eB
− (pey + Py) + i(pnx − pνx)
2
4eB
(79)
now calculate the matrix element squared and summed over neutrino states
to get
∑
|M †+M+| = |K+|24(4m∗nm˜p)(1 + gA)2(Ee + pez)(Eν+pνz ) (80)
and
∑
|M †−M−| = |K−|216(4m∗nm˜p)g2A(Ee + pez)(Eν − pνz) (81)
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The neutrino emissivity is now given by
E˙ = 2G
2
f cos
2 θc
V 2L2yL
2
zLx
(4m∗nm˜p)
∫ eBLy
2
−eBLx
2
Ly
2pi
dpey
∫ ∞
−∞
Lz
2pi2Ee
dpez
∫ eBLx
2
−eBLx
2
Ly
2pi
dpy∫ ∞
−∞
Lz
2pi2m˜p
dpz
∫
V
(2pi)32m∗n
d3pn
∫
V
(2pi)32Eν
d3pν
Eν(2pi)
3[(1 + gA)
2(Eν + pν,z)δ(En − Ep − Ee − Eν)fn,+
+ 4g2A(Eν − pν,z)δ(En,− − Ep − Ep − Eν)fn,−](Ee + pez)(1 − fe)(1− fp)
δ(pn,z − pz − pez − pνz)δ(pny − py − pey − pνy)
e
−1
2eB (pνx+pnx)
2+(py+pez)
2
(82)
Integrals over dpy and dpey can be performed by using the y-component
momentum delta function.The integrals over dpez and dpz are converted into
integrals over dEe and dEp respectively and making use of the fact that for
strongly degenerate matter,particles at the top of their respective fermi seas
alone contribute.The integral over neutron solid angle is performed by using the
z-component momentum conserving delta function and neglecting neutrino mo-
mentum.The integral over angle can be performedddd explicitly and we obtain
E˙ = 2G
2
F cos
2 θc
(2pi)5
eB
m∗nm˜p
pF (p)
∫
E3ν dEe dEp dEn dEν [(1 + gA)
2
δ(En,+ − Ep − Ee − Eν)fn,+ + 4g2Aδ(En,− − Ep − Ee − Eν)fn,−]
[e
−1
2eB (p
2
f (n)−4p2F (c))θ(p2F (n)− 4p2F (e)) +
e
−1
2eB p
2
F (n)θ(pF (n))](1 − fp)(1− fe) (83)
The two θ functions correspond to the fact that the z-component momentum
coservation pnz = pz+pez = pF (p)±pF (e) depending on whether both electrons
and protons in their Landau ground states move in the sane direction or in the
opposite directions.Further since charge neutrality implies pF (p) = pF (e),pnz =
2pF (e) or zero.The energy integrals can now be performed by the standard
techniques for degenerate matter and we get
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E˙ = 457pi
40320
G2F cos
2 θceB
m˜pm
∗
n
pF (e)
T 6[
(1 + gA)
2
2
θ(p2F (n,+))e
−p2
F
(n,+)
2eB + θ(p2F (n,+)− 4p2F (e))e
−(p2
F
(n,+)−4p2
F
(e))
2eB
+ 2g2ApF (n,+) −→ pF (n,−)]
(84)
where pf (n,+) and pF (n,−) are the neutron fermi momenta for the neutron
spins along and opposite to the magnetic field direction respectively and are
given by (sec. eq.(60))
p2F (n,±)
2m∗n
= µn −m∗n − Un0 ±
κnB
2m∗n
(85)
The energy loss rate due to p + e− → n + νe gives the same contribution
under equilibrium and the total emissivity is thus a factor of two greater than
(69) We thus see as advertised that in the presence of quantising magnetic field
the inequality pF (e) + pF (p) ≥ pf (n) is no longer required to be satisfied for
the process to proceed.Regardless of the value of proton fraction determined by
pF (p) = pF (e),we get non zero energy loss rate.The rate however, would show
an increase at the threshold of the proton fraction Yp ≥ 11%.
During collapse when the neutronization process is important,the density
is of the order of 1012gm/ccand the nucleons are non-degenerate and non-
relativistic.The strong interaction effects can be ignored.The nucleon expressions
can be simplified and we have from equations(68)and (74)
Ep ≃ mp − κpB + p
2
z
2m˜p
(86)
En,s ≃ mn − κnB +
−→p 2n
2mn
(87)
defining Qs = En,s −Ep ≃ Q− (κns− κp)B,the rate for the neutronization
process can be similarly evaluated in the limit Ee ∼ µc >> Qs and we obtain
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Γ ≃ 2
√
2G2F cos
2 θ
3pi3
(mp)
3
2np
∫
dEeE
5
2
e
[
(1 + gA)
2e
EeQ+
eB −
2g2A
Q−
Ee
e
EeQ−
eB
]
fe(Ee) (88)
5 Results and Discussions
We now present our results.For the case of non-interacting,cold,degenerate mat-
ter,containing nucleons and electrons with neutrinos freely streaming out, we
choose nB to lie in the range of (∼ 0.5 to 6)n0,a situation appropriate for the
neutron star core and show the composition of matter as a function of den-
sity in figure 1 for different values of the magnetic field.For B = 0,the proton
fraction remains less than the threshold value (
np
nB
< 11%) for direct URCA pro-
cess to take place,even for nB as large as 10n0.With the increase in magnetic
field,the proton fraction rises steadily and crosses the threshold for nB < 6n0
for B = 105(MeV )2 say.A further increase in B results in the presence of more
protons than neutrons for example,for B = 5X105(MeV )2 there are more pro-
tons than neutrons upto nB ≤ 3n0 and at large densities,the proton fraction
again decreases but remains large. Any further increase in B may result in a
prominently proton matter star.The effect of including anomalous magnetic mo-
ment of nucleons is to increase the proton fraction at all densities as can be seen
from figure 1 and the proton fraction rises above the neutron fraction.Effect of
including interactions (fig.2) is to raise the proton fraction and the threshold
for direct URCA process comes down to nB ≥ 1.5n0. Magnetic field has the
effect of generally raising the proton fraction and for the highest magnetic field
B ≃ 5x105MeV 2 considered here, there are far more protons than neutrons in
the star. The effect of magnetic field on neutrino emissivity is shown in table
1 where the ratio of the emissivity (R = Eν(B)Eν(0) ) for the direct URCA process is
shown as a function of density.These results are for the weak magnetic field which
is our case of degenerate matter could even be as large as 104MeV 2.The inter-
20
esting case of magnetic field that is capable of totally polarising the electrons
and protons is shown in figure 3 where we have plotted the neutrino emissivity
in units of E0 = 457pi20160G2F cos2 θcT 6m3p. As has been discussed above,in this case
the threshold for direct URCA process is evaded and the emissivity is enhanced
by upto two orders of magnitude.
B = 102 B = 103 B = 104
nB R R R
0.23 0.94 0.94 0.65
0.36 0.96 0.89 0.62
0.54 0.98 1.23 1.10
0.71 0.99 1.29 0.89
0.98 0.97 1.03 1.06
Table 1.Ratio R = Eν(B)Eν(0) as a function of density for different values of mag-
netic field (inMeV 2)
Similar situation obtains for neutronization rate during collapse when the
nucleons are non-degenerate and density ∼ 1012gm/cc.In this case even the
magnetic field of moderate strength (B > 102MeV 2) is able to polarise the
electrons completely,but unlike the cold matter,the charge neutrality here does
not force the protons to be totally polarised.However for B ∼ 104MeV 2 and
above,the protons too are completely polarised. In figure 4 we have plotted the
reaction rates Γ in units of Γ0 =
106G2F cos
2 θcm
8
e
pi3 for B = 0 and B = 10
4MeV 2for
non-interacting non-degenerate hot nuclear matter at T = 5MeV as a function
of density and find the rates to be greatly enhanced in the presence of strong
magnetic field. Strong magnetic field thus changes the composition of nuclear
matter in a very substantial way and enhances the cooling rates as well as the
neutronizaton rates and this would have serious implications for neutron and
pulsar dynamics.
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Figure 1: Effect of magnetic field on the composition of non-interacting cold nu-
clear matter.The baryon density,neutron density and proton density are given in
units of fm−3.The effect of including anomalous magnetic moment of nucleons
on the composition is shown for B = 5X105 by the dashed-dotted curve.The
magnetic field is in units of MeV 2.
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Figure 2: Effect of magnetic field on the composition and effective proton mass
as a function of baryon density for cold interacting nuclear matter for different
values of the magnetic field.The densities are in units of fm−3,proton effective
mass in Mev and magnetic field in units ofMeV 2.The effect of including anoma-
lous magnetic moment of nucleons on the composition and on proton mass is
shown for B = 105 by the dotted curve.
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Figure 3: Neutrino emissivity in units ofE0(see text) due to direct URCA process
as a function of baryon density for B = 0 and B = 105MeV 2 when the electrons
and protons are completely polarised. 27
1000
10000
100000
1e+06
1e+07
1e+08
1e+09
1e+11 1e+12 1e+13 1e+14
G
am
m
a
nB(gm/cc)
’B = 0’
’B = 1e4’
Figure 4: Neutronization rate in units of Γ0(see text) as a function of baryon
density for B = 0 and B = 104MeV 2 for hot non-interacting non-degenerate
nuclear matter at T = 5MeV .The baryon density is given in gm/cc.28
